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Using the notion of q-complete convergence for q > 0, of a sequence of measurable
functions, we introduce the notion of q-density point of a measurable set, which classiﬁes
the density points according to the rate of thickness of the set around them. Also using
this notion we create an uncountable chain of topologies between the ordinary and density
topology.
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1. Introduction
Almost all parts of Analysis deal with the notions of convergences. Among others, it is not so well known that in measure
theory we can introduce the notion of density point with the aim of convergence in measure (see (1) below). The notion
of density point induces the Lebesgue density function which leads to the classical Lebesgue density theorem, as well as, to
the notion of density topology (see (2), (3) below).
Through out this paper Σ is the σ -algebra of Lebesgue measurable subsets of real R, λ is the Lebesgue measure and N
denotes the set of positive integers.
We recall the following facts and deﬁnitions:
(1) A point x ∈ R is called a density point of a set A ∈ Σ , if and only if,
lim
h→0+
λ(A ∩ [x− h, x+ h])
2h
= 1.
Let An(x) = [n(A − x)] ∩ [−1,1], n = 1,2, . . . , and χAn(x),χ[−1,1] be the characteristic functions of the corresponding
sets. It is easily seen that the following conditions are equivalent (see also [14]):
a) x is a density point of A,
b) limn→∞
λ(A∩[x− 1n ,x+ 1n ])
2
n
= 1,
c) limn→∞ λ([n(A − x)] ∩ [−1,1]) = 2,
d) χAn(x) converges in measure to χ[−1,1] .
(2) We shall say that the sets A, B ∈ Σ are equivalent (A ∼ B), if and only if,
λ(AB) = 0.
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A ∼ Φ(A). Moreover the function Φ satisﬁes the following conditions for any A, B ∈ Σ :
a) A ∼ B ⇒ Φ(A) = Φ(B),
b) Φ(A ∩ B) = Φ(A) ∩ Φ(B),
c) A ⊆ B ⇒ Φ(A) ⊆ Φ(B),
d) Φ(∅) = ∅, Φ(R) = R.
(3) The family Td = {A ∈ Σ: A ⊆ Φ(A)} is a topology on R stronger than the usual topology. Td is called the density
topology.
More details on this topology and on properties of continuous functions with respect to this topology, as well as, further
generalizations and extension of the concept of density topology may be found in [2–8,10–13].
If in the last equivalent condition of (1) we change convergence in measure by another mode of convergence, we get
another notion of density point and under circumstances another kind of density topology. This have been done by several
authors in the recent years (see [1,2,10,15]). In [9] we have introduced the following concept of convergence.
Deﬁnition 1.1. Let q be a positive real number and fn, f : R → R, n = 1,2, . . . , be measurable functions. We say that the
sequence ( fn)n converges q-completely to f (and we write fn
q−c−→ f ), if and only if,
∀e> 0 ∃n0 ∈ N:
∞∑
n=n0
{
λ
(
Aen
)}q
< ∞,
where as usual Aen = {x ∈ R: | fn(x) − f (x)| e}.
It is obvious that the p-complete convergence implies the convergence in measure. Also in [9] it is proved that the
converse implication fails. So the following problem arises:
If instead of convergence in measure we consider q-complete convergence, q > 0, what properties are satisﬁed by the
operator, say Φq , assigning to a set A ∈ Σ the set of its q-density points? In case that the above operator deﬁnes a
topology, what can be said about these topologies for different values of q? Are they different each other?
In Section 2 we see that the operator Φq , q > 0, satisﬁes almost all properties of the Lebesgue operator Φ (see (2) above)
and in fact that with the notion of q-density points, we classify density points according to the rate of thickness around
them, in a similar manner as Hausdorff dimension classiﬁes the sets of measure zero according to the rate of sparseness.
In Section 3 we prove that the associated with q-density points family Tq = {A ∈ Σ: A ⊆ Φq(A)} is indeed a topology and
that for 0 < q1 < q2 it holds T  Tq1  Tq2  Td , where T is the usual topology on R and Td the density topology (see (3)
above). Finally, we close with some open problems, regarding these topologies and q-density points.
2. q-Density points
We begin with some results regarding q-complete convergence that we will need in the sequel.
(A) If 0 < q1 < q2 then q1 − c convergence implies q2 − c convergence, while the converse implication fails.
(B) If 0 < q  1 then q − c convergence implies almost uniform convergence, while for q > 1, q − c convergence fails to
imply even λ − a · e convergence.
(C) There are sequences ( fn)n of real valued measurable functions converging in measure to f = 0 and which fails to
converge q − c for all q > 0. Also there are sequences ( fn)n which converge q − c to f = 0 for all q > 0 and fn = 0 for
n = 1,2, . . . .
(For the proof of the above result see [9].)
We now formulate the deﬁnition of q-density point. We remind that if A ∈ Σ and x ∈ R we set An(x) = [n(A − x)] ∩
[−1,1] (see Section 1(1)).
Deﬁnition 2.1. Let A ∈ Σ and q be a positive real number. A real number x is called q-density point of A, if and only if,
χAn(x)
q−c−→ χ[−1,1], n → ∞.
Also we set,
Φq(A) = {x ∈ R | x is a q-density point of A}.
Since q-complete convergence implies convergence in measure, it follows that Φq(A) ⊆ Φ(A) for q > 0, A ∈ Σ .
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equal to A′n(x) or ∅ for 0 < e 1 or e > 1 respectively. Hence by Deﬁnitions 2.1 and 1.1 it follows for q > 0, that
x ∈ Φq(A) ⇔
∞∑
n=1
{
λ
(
A′n(x)
)}q
< ∞.
Also by deﬁnition of convergence in measure we have that
x ∈ Φ(A) ⇔ λ(A′n(x))→ 0, n → ∞.
Taking into account Remark 2.2, for given q > 0, it is not hard to construct examples of sets A ∈ Σ and x0 ∈ R such that
x0 ∈ Φ(A) \ Φq(A). In the next example we will construct a set A ∈ Σ such that O ∈ Φ(A) and O /∈ Φq(A) for all q > 0.
Example 2.3. We begin by constructing a sequence (αn)n=1,2,... such that αn → 0, n → ∞ and ∑∞n=1 αqn = ∞ for all q > 0.
We consider ﬁrst the following blocks in N:
B1 = {1}, B2 =
{
2,3, . . . ,1+ 22}, B3 = {1+ 22 + 1, . . . ,1+ 22 + 33}, . . . ,
Bn+1 =
{
1+ 22 + · · · + nn + 1, . . . ,1+ 22 + · · · + nn + (n + 1)n+1}, . . . .
Then, for each n ∈ N we divide the interval [ 1n+1 , 1n ) into (n+ 1)n+1 equal parts and we deﬁne αi , i ∈ Bn+1 to be the points
of division, that is,
αi = 1
n
− (i − kn)
1
n − 1n+1
(n+ 1)n+1 where kn = 1+ 2
2 + 33 + · · · + nn, i ∈ Bn+1
or equivalently,
αkn =
1
n
, αi − αi+1 =
1
n − 1n+1
(n+ 1)n+1 , i ∈ Bn+1. (1)
Since
∑
i∈Bn+1 α
n+1
i >
∑
i∈Bn+1 (
1
n+1 )
n+1 = 1, it follows that ∑∞n=1 αqn = ∞ for all q > 0.
Now, let n > 2 and i ∈ Bn+1. It holds that
αi
i
− αi+1
i + 1 <
1
i
− 1
i + 1 . (2)
(Indeed,
(2) ⇔ i(αi − αi+1) + αi < 1.
But by (1) we have
i(αi − αi+1) + αi < 1+ 2
2 + 33 + · · · + nn + (n + 1)n+1
n(n + 1)(n + 1)n+1 +
1
n
<
(n+ 1)(n + 1)n+1
n(n + 1)(n + 1)n+1 +
1
n
= 2
n
< 1, for n = 3,4, . . . .)
If for each interval [ 1i+1 , 1i ], i = 3,4, . . . , we remove a set Ci with
λ(Ci) = βi = αi
i
− αi+1
i + 1 (3)
(this is legitimate by (2)), and if B =⋃∞i=3([ 1i+1 , 1i ) \ Ci), then for the set A = B ∪ (−B) it holds that
A′n(0) = n
[( ∞⋃
i=n
Ci
)
∪
( ∞⋃
i=n
(−Ci)
)]
, n = 3,4, . . . .
As by deﬁnition
An(0) = (nA) ∩ [−1,1] = n
(
A ∩
[
−1
n
,
1
n
])
.
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λ
(
A′n(0)
)= 2n ∞∑
i=n
βi = 2αn, n 3.
So,
λ
(
A′n(0)
)→ 0, n → 0 and ∞∑
n=1
{
λ
(
A′n(0)
)}q = ∞,
which means 0 ∈ Φ(A) and 0 /∈ Φq(A) for every q > 0. 
Remark 2.4. We need the following result. Let A ∈ Σ and h > 0. Then, the function fh : R → R, fh(x) = λ(A ∩ [x− h, x+ h])
is continuous.
Indeed let {xn: n ∈ N} ⊆ R with limn→∞ xn = x ∈ R.
We set An = A ∩ [xn − h, xn + h], n = 1,2, . . . . It is easy to check that,
A ∩ (x− h, x+ h) ⊆ lim inf An ⊆ limsup An ⊆ A ∩ [x− h, x+ h] for n = 1,2, . . . .
Hence,
λ
(
A ∩ (x− h, x+ h)) λ
(⋃
n
∞⋂
k=n
Ak
)
= lim
n→∞λ
( ∞⋂
k=n
Ak
)
 lim
n→∞
[
inf
kn
λ(Ak)
]
= lim infλ(An)
 limsupλ(An) = lim
n→∞
[
sup
kn
λ(Ak)
]
 lim
n→∞λ
( ∞⋃
k=n
Ak
)
= λ
(⋃
n
( ∞⋂
k=n
Ak
))
 λ
(
A ∩ [x− h, x+ h])
(the last equality above holds as
λ
( ∞⋃
k=1
Ak
)
max xn −min xn + 2h < ∞).
So,
lim
n→∞λ(An) = limn→∞ fh(xn) = λ
(
A ∩ [x− h, x+ h])= fh(x).
For the operator Φq : Σ → 2R we have the following.
Proposition 2.5. If A, B ∈ Σ and q > 0, then the following hold:
i) Φq(A) ∈ Σ .
ii) If A ∼ B then Φq(A) = Φq(B).
iii) If A ⊆ B then Φq(A) ⊆ Φq(B).
iv) Φq(∅) = ∅ and Φq(R) = R.
v) Φq(A ∩ B) = Φq(A) ∩ Φq(B).
vi) λ(Φq(A) \ A) = 0.
Proof. (i) By Remark 2.4 it follows that the function
x ∈ R → fn(x) = λ
(
An(x)
)= nλ((A − x) ∩ [−1
n
,
1
n
])
= nλ
(
A ∩
[
x− 1
n
, x+ 1
n
])
is continuous for all n ∈ N.
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Since Φq(A) = {x ∈ R: g(x) < ∞}, where g(x) =∑∞n=1 gqn(x), the result follows.
(ii) It follows from the implications
A ∼ B ⇒ An(x) ∼ Bn(x) ⇒ A′n(x) ∼ B ′n(x)
where x is any real number.
(iii) If x ∈ R then
A ⊆ B ⇒ An(x) ⊆ Bn(x) ⇒ A′n(x) ⊇ B ′n(x).
Hence (by Remark 2.2), Φq(A) ⊆ Φq(B).
(iv) It is obvious.
(v) From (iii) it follows that
Φq(A ∩ B) ⊆ Φq(A) ∩ Φq(B).
Let C = A ∩ B . According to the notations of Deﬁnition 2.1 and Remark 2.2 we have
Cn(x) =
{
n
[
(A ∩ B) − x]}∩ [−1,1] = An(x) ∩ Bn(x),
C ′n(x) = A′n(x) ∪ B ′n(x).
So,
λ
(
C ′n(x)
)
 λ
(
A′n(x)
)+ λ(B ′n(x)), n = 1,2, . . . .
From the inequalities
∞∑
n=1
λ
(
C ′n(x)
)q  ∞∑
n=1
λ
(
A′n(x)
)q + ∞∑
n=1
λ
(
B ′n(x)
)q
, 0 q 1,
and [ ∞∑
n=1
λ
(
C ′n(x)
)q]1/q 
[ ∞∑
n=1
λ
(
A′n(x)
)q]1/q +
[ ∞∑
n=1
λ
(
B ′n(x)
)q]1/q
, q 1 (Minkowski’s inequality),
it follows that
x ∈ Φq(A) ∩ Φq(B) ⇒
∞∑
n=1
λ
(
A′n(x)
)q
< ∞,
∞∑
n=1
λ
(
B ′n(x)
)q
< ∞
⇒
∞∑
n=1
λ
(
C ′n(x)
)q
< ∞
⇒ x ∈ Φq(C).
Hence Φq(A) ∩ Φq(A) ⊆ Φq(A ∩ B) and the proof of (v) is complete.
(vi) Since Φq(A) ⊆ Φ(A) the result follows at once from Lebesgue density theorem. 
3. q-Density topologies
The proof of the next proposition follows with the same standard way as in [8] or [4], but in our case the situation is
simple due to the fact that Φq(E) ⊆ Φ(E) for all E ∈ Σ .
Proposition 3.1. Let q > 0. Then the family Tq = {A ∈ Σ: A ⊆ Φq(A)} is a topology on R stronger than the usual topology Tus and
weaker than the Lebesgue density topology Td.
Proof. Let {Eα}α∈A ⊆ Tq . Then
E =
⋃
α∈A
Eα ⊆
⋃
α∈A
Φq(Eα) ⊆ Φq(E)
(
by 2.5(iii)
)
.
Since Tq ⊆ Td (as Φq(A) ⊆ Φ(A) for every A ∈ Σ ), we have that E =⋃α∈A Eα ∈ Td ⊆ Σ , hence ⋃α∈A Eα ∈ Tq and in view
of Proposition 2.5 (iv) and (v) the proof is complete. 
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Then:
i) A′n = (nA′) ∩ [0,1], n = 1,2, . . . .
ii) λ(A′n) = n
∑∞
k=n αk , where αk = λ(A′ ∩ ( 1k+1 , 1k ]).
[Indeed, (i) follows from the fact that the sets nA, nA′ are disjoint and [(nA)∪(nA′)]∩[0,1] = [0,1]. (Since (nA)∪(nA′) =
n(A ∪ A′) = n[0,1] = [0,n].)
Also by (i) we take
λ
(
A′n
)= λ((nA′)∩ [0,1])= nλ(A′ ∩ [0, 1
n
])
= nλ(A′ ∩
( ∞⋃
k=n
(
1
k + 1 ,
1
k
]
))
= n
∞∑
k=n
αk.] 
Now we are in position to see that q-density topologies form an uncountable chain of topologies between Tus and Td
topology.
Theorem 3.3. Let 0 < q1 < q2 . Then
Tus  Tq1  Tq2  Td.
Proof. First, if I is an open interval and x ∈ I , then In(x) = [n(I − x)] ∩ [−1,1] = [−1,1] for n large enough, hence x ∈ Φq(I)
for all q > 0.
(In fact I = Φq(I), as we can easily see.) So, Tus ⊆ Tq for all q > 0.
In order to show that the inclusions of theorem are strict, we have to show that Tq1  Tq2 for 0 < q1 < q2. Since q1 − c
convergence implies q2 − c convergence it follows that Tq1 ⊆ Tq2 .
Now let 0 < q1 < q2 and q1 < r < q2.
We observe that
∃n0 ∈ N: 1
n
− 1
n + 1 =
1
n(n + 1) >
1
n2+ 1r
for n n0.
We set A = {0} ∪ (⋃∞n=1 In), where In , n = 1,2, . . . , are open intervals such that
1. In ⊆ ( 1n+1 , 1n ], n = 1,2, . . . .
2. λ(( 1n+1 ,
1
n ] \ In) = αn = 1
n2+ 1r
, for n n0.
It holds
∞∫
n
1
x2+ 1r
dx = 1
1+ 1r
1
n1+ 1r

∞∑
k=n
1
k2+ 1r

∞∫
n=1
1
x2+ 1r
dx
= 1
1+ 1r
1
(n− 1)1+1/r .
Hence,
1
1+ 1r
· n
n1+1/r
 n
∞∑
k=n
αk 
1
1+ 1r
· (n − 1) + 1
(n− 1)1+1/r .
From Remark 3.2 we take
r
r + 1 ·
1
n1/r
μ
(
A′n
)
 r
r + 1 ·
[
1
(n − 1)1/r +
1
(n − 1)1+1/r
]
where
A′n = [0,1] \ An, An = (nA) ∩ [0,1].
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∞∑
n=1
μ
(
A′n
)q1 = ∞, ∞∑
n=1
μ
(
A′n
)q2
< ∞. (1)
(As
∑∞
n=1 1nq1/r = ∞ and
∑∞
n=2 1(n−1)q2/r < ∞,
∑∞
n=2 1
(n−1)q2+ q2r
< ∞.)
So, if B = (−A) ∪ A, we get from (1) that 0 ∈ Φq2 (B) and 0 /∈ Φq1 (B). Since In , n = 1,2, . . . , are open intervals it follows
that
B = Φq2(B) ⇒ B ∈ Tq2 .
As B /∈ Tq1 (0 ∈ B and 0 /∈ Φq1 (B)) the proof is complete. 
It is worth to point out the following questions that remain to be answered.
(1) Are there sets A ∈ Σ such that λ(Φ(A) \ Φq(A)) = 0?
We note that, in the constructed examples in this paper (Example 4, proof of Theorem 9) we have λ(Φ(A) \Φq(A)) = 0.
(2) It is known that Td is regular and not normal. This and other properties of Td are consequences of the Lusin–Menchoff
theorem, which says that, if E ∈ Σ and F is a closed subset of R with respect to Tus such that F ⊆ E ∩Φ(E), then there
exists a perfect set P with respect to Tus such that
F ⊆ P ⊆ E and F ⊆ P ∩ Φ(P ).
(For more details see [4].)
The following questions arise:
What can be said about the topologies Tq for q > 0? If we replace Lebesgue operator Φ by Φq , is the corresponding
Lusin–Menchoff theorem true?
(3) A point x ∈ R is said to be a simple density point of a set A ∈ Σ if and only if, (χAn(x))n converges almost everywhere
to χ[−1,1] (see Section 1(1)).
It is known that the operator Φs(A) = {x ∈ R: x is a simple density point of A} for A ∈ Σ deﬁnes a topology Ts in R,
Ts = {A ∈ Σ: A ⊆ Φs(A)}, which is strictly between T1 and Td (see [15]). Since Tq and Ts are not comparable for q > 1
(see Section 2), the following problem arises for 1 < q1 < q2: Are the inclusions T1 ⊆ Ts ∩ Tq1 ⊆ Ts ∩ Tq2 strict?
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